Abstract. The dispersion relation of de Sitter special relativity is obtained in a simple and compact form, which is formally similar to the dispersion relation of ordinary special relativity. It is manifestly invariant under change of scale of mass, energy and momentum, and can thus be applied at any energy scale. When applied to the universe as a whole, the de Sitter special relativity is found to provide a natural scenario for the existence of an evolving cosmological term, and agrees in particular with the present-day observed value. It is furthermore consistent with a conformal cyclic view of the universe, in which the transition between two consecutive eras occurs through a conformal invariant spacetime.
Introduction
Cosmological observations and quantum gravity arguments seem to indicate the necessity of an invariant length-parameter on both scales [1] . At the cosmological level, this parameter is related to the observed accelerated expansion rate of the universe [2] . At the quantum gravity level, this parameter is related to the Planck length l P , which shows up as the threshold of quantum gravity [3] . A natural question then arises: could these two length-parameters have one and the same origin? To answer this question, let us go back to special relativity. As is well-known, time and space are not absolute: seen from different inertial frames, time dilates and space contracts. Of course, no one doubts these facts are correct, at least in the energy scales we are used to. However, when one considers the, by now unreachable but conceptually well defined Planck scale, they conflict with the existence of invariant parameters that show up at that scale. For example, considering that the Planck length
depends only on fundamental constants, it cannot change under Lorentz transformations. The only way to circumvent this conundrum is to introduce a new special relativity. One of the first attempts in this direction is the so-called doubly special relativity [4] , which is based on the κ-deformed Poincaré group. This model introduces changes in the special relativity dispersion relation a η αβ p α p β = m 2 c 2 ,
with p α = mcu α , in such a way to allow the existence of a Lorentz-invariant length at the Planck scale. More specifically, in order to allow the presence of an energy scale, scale-suppressed terms of higher order in the momentum are introduced. Because these terms are not invariant under change of scale of mass, energy and momentum, this kind of models can be applied at the Planck scale only. A different approach to this problem shows up from the trivial observation that Lorentz transformations do not change the vanishing curvature of the Minkowski spacetime. Considering that the scalar curvature R of any homogeneous space, including Minkowski, is of the form R ∼ ± l −2 , with l the pseudo-radius of the homogeneous space, we can say that Lorentz transformations preserve the infinite pseudo-radius of Minkowski spacetime. Now, Lorentz transformation can be defined in any isotropic and homogeneous spacetime [5] . This means that, in addition to Minkowski, they can also be defined in both de Sitter and anti-de Sitter spaces, the only fourdimensional pseudo-Euclidian homogeneous spacetimes [6] . This is clear from the fact that Lorentz is a subgroup of both de Sitter and anti-de Sitter groups. [7, 8, 9] . In this theory, even though the spatial isotropy and the relation between inertia-free frames are still governed by the Lorentz group, it involves an invariant length-parameter related to the de Sitter curvature. A crucial difference in relation to the doubly special relativity is that the de Sitter dispersion relation is invariant under change of scale of mass, energy and momentum, and can consequently be applied at any energy scale, from quantum gravity to cosmology. Concerning the specific case of cosmology, the de Sitter special relativity naturally introduces a pervading cosmological term Λ, which appears as a purely kinematic effect. Considering that dark energy, the entity responsible for the observed acceleration of the universe expansion rate, seems to be in fact a cosmological term [10] , the de Sitter relativity can be considered a natural model to approach the universe acceleration expansion.
Motivated by the above arguments, the purpose of this paper is to explore further some specific properties of the de Sitter special relativity. First, we are going to show that the dispersion relation of this theory can be written in a simple and compact form, which is formally similar to the dispersion relation of ordinary special relativity. The only differences are the notions of energy and momentum, whose expressions include now a conformal component, and the mass term, which acquires an additional term related to the spin of the particle. We then explore some cosmological consequences of these changes. In particular, we are going to show that, when applied to the universe as a whole, the de Sitter special relativity provides a natural scenario for the existence of an evolving cosmological term. It is consistent with a very high primordial Λ, as well as with its currently observed value. Finally, it is discussed why the de Sitter special relativity points to a cyclic view of the universe, where the remote future of one era becomes the initial condition of the next one.
Basics of de Sitter special relativity
For the sake of completeness, we review in this section the fundamentals of the de Sitter special relativity. In particular, we discuss how the de Sitter transitivity properties change the notions of energy and momentum change, as well as analyze the concomitant changes that occur in the corresponding conservation laws.
The de Sitter spacetime
The de Sitter spacetime, denoted dS(4, 1), is a hyperbolic, maximally symmetric curved spacetime [11] . It can be defined as a hyper-surface in the "host" pseudo-Euclidean spaces E 4,1 , inclusion whose points in Cartesian coordinates χ A (A, B, ... = 0, ..., 4) satisfy
where η AB = (+1, −1, −1, −1, −1) and l is the de Sitter length-parameter (or pseudo-radius). Its kinematic group is the pseudo-orthogonal group SO(4, 1), and it is defined as the quotient space
with L the Lorentz group. The stereographic coordinates are obtained through a projection of the hyperboloid onto a target Minkowski spacetime with coordinates x α and metric η αβ . They are defined by [12] 
where
with σ 2 the Lorentz-invariant quadratic form σ 2 = η αβ x α x β .
de Sitter generators
The generators of infinitesimal de Sitter transformations arê
They can be decomposed according tô
are the Lorentz generators, andΠ
are the so-called de Sitter "translation" generators, witĥ
respectively, the translation and the proper conformal generators [13] . For l → ∞, they reduce to the generators of the Poincaré group, the kinematic group of Minkowski spacetime. We see from the generators (7) and (8) that, from the algebraic point of view, the only difference between Minkowski and de Sitter spacetimes is the notion of uniformity. Whereas in Minkowski the uniformity is defined by ordinary translations, in de Sitter it is defined by a combination of translation and proper conformal transformation.
Killing vectors
The metric of the de Sitter spacetime is obtained from
is the de Sitter tetrad, with δ α µ a trivial tetrad. In terms of the de Sitter coordinates x µ , it assumes the conformally flat form
An infinitesimal de Sitter transformation is written as
where ǫ αβ = −ǫ βα and ǫ α are the transformation parameters. Substituting the generators (7) and (8), the Lorentz transformations can be written as
are the corresponding Killing vectors, whereas the de Sitter "translations" become
are the correspponding Killing vectors, with
a conformal generalization of the Kronecker delta.
Conserved quantities
Let us consider the infinitesimal de Sitter "translation" δ Π x µ defined in Eq. (16) . Under such transformation, the metric changes according to
where we have already used that ξ α µ satisfy the Killing equation
From Noether's theorem, the invariance of any matter Lagrangian L m under this transformation yields the conservation law
with T ρµ the symmetric energy-momentum current, and K ρµ the proper conformal current [14]
We see in this way that, due to the changes in the spacetime uniformity, instead of the energymomentum current, the conserved quantity is a combination of the energy-momentum T ρµ and the proper conformal current K ρµ . Of course, the notions of energy and momentum will also change in de Sitter relativity. Energy, in particular, will have the form
where E T is the ordinary translational energy, and E K is the proper conformal energy. In general, neither T µν nor K µν is conserved separately. In fact, as an explicit calculation shows,
Only for matter with traceless energy-momentum tensor the currents T µν and K µν are separately conserved. In the formal limit l → ∞, we obtain
On the other hand, in the formal limit l → 0, we get
In this limit, physics becomes conformally invariant, and the proper conformal current turns out to be conserved.
Casimir Invariant and dispersion relation
The first Casimir invariant of the de Sitter group is [12] 
withL AB the orbital generators andŜ AB the matrix spin generators. For the case of a spin-0 particle, it reduces toĈ
In terms of the generatorsL ab andΠ a , it assumes the form
Considering again a particle of mass m, we get
are respectively the de Sitter linear momentum and the angular momentum, with p α = mcu α the ordinary (Poincaré) momentum. The de Sitter linear momentum is related to the de Sitter current through π µ = d 3 x Π 0µ . Now, due to the fact that de Sitter spacetime is isotropic and homogeneous, the angular momentum l µρ vanishes for free particles, that is, for particles moving along a geodesic of the de Sitter spacetime. This is similar to what happens in Minkowski spacetime, which is also isotropic and homogeneous. The Casimir invariant reduces then to the form
For particles belonging to representations of the principal series, the eigenvalues of the Casimir operator are given by [15] 
with m the mass and s the spin of the field under consideration. The eigenvalue µ is sometimes referred to as the de Sitter mass. Notice that for s = 1, the de Sitter and the Poincaré masses coincide: m = µ 1 . For s = 0, on the other hand, it assumes the form
The dispersion relation of de Sitter special relativity is, consequently, given by
It is formally similar to the ordinary dispersion relation (2), but with two fundamental differences: the momentum and the mass are replaced by their de Sitter counterparts. Of course, for l → ∞, it reduces to the ordinary special relativity dispersion relation. Notice furthermore that it is invariant under change of scale of mass, energy and momentum, which means that it can be applied at any scale, from quantum gravity to cosmology.
Cosmological term as a kinematic effect
The cosmological term as a kinematic effect related to the de Sitter group has already been considered in a previous publication [16] . Considering that we have since then improved the formalism, as well as obtained a new covariant interpretation of the results in terms of comoving frames, which allowed us to discuss the present cosmological application on more solid grounds, we readdress this discussion here. In ordinary general relativity, spacetime is assumed to reduce locally to Minkowski, whose kinematics is ruled by the Poincaré group, and whose homogeneity is related to the translational Killing vectors δ ρ α . As a consequence, Einstein equation is written in the form
with G αµ = R αµ − 1 2 h αµ R the Einstein tensor. If instead of Poincaré, local kinematics is to be ruled by the de Sitter group, spacetime must reduce locally to de Sitter, whose homogeneity is defined by the "translational" Killing vectors ξ α µ . In this case, Einstein equation must be generalized to
Using the Killing vectors (17), as well as the definition (22), the field equation (39) can be rewritten in the form
where we have introduced the notations
In the limit l → ∞, it reduces to the usual Einstein equation, which is consistent with ordinary special relativity.
It is important to note that the replacement of ordinary (Poincaré-based) special relativity by de Sitter relativity changes only the local spacetime symmetry, not the dynamics of general relativity. As a matter of fact, it changes only the strong equivalence principle, which states now that in any locally inertial frame, the non-gravitational laws of physics are those of de Sitter special relativity. This means essentially that Einstein equation
which describes the dynamic spacetime curvature, and the kinematic equation
which is an equation describing the de Sitter effects on the spacetime geometry, can be solved separately. Of course, the total spacetime curvature will always be composed of two parts: a dynamic part G ρµ T , whose source is the energy-momentum tensor of matter, and a kinematic part G ρµ K , whose source is the proper conformal current of matter. The importance of each part depends on the value of the pseudo-radius l. Now, since in the present context G ρµ K represents the curvature of the underlying de Sitter spacetime, it depends necessarily on l. As a matter of fact, if we recall that, for a de Sitter spacetime,
and taking into account that Λ = 3/l 2 , with Λ the cosmological term, we see from Eq. (41) that
Substituting into Eq. (43), and taking the trace on both sides, we get
Using Eq. (23), the cosmological term is then found to be given by
is the four-velocity in comoving coordinates, with s the invariant form s = (g µν x µ x ν ) 1/2 ≡ Ω(x) σ. In fact, observe that the variation of the four-velocity of a given point of spacetime depends only on the change of the invariant form s. According to de Sitter special relativity, therefore, the source of the local de Sitter spacetime, or equivalently, of the local value of the cosmological term, is not the energy-momentum current, but the (trace of the) proper conformal current of ordinary matter. It should be noticed, however, that there is a crucial difference between the local de Sitter spacetime underlying all physical systems, and the usual notion of de Sitter spacetime: since equation (47) is purely kinematics, and considering that the conformal current K ρµ vanishes outside the source, in this region the local de Sitter spacetime becomes the flat Minkowski space. This is quite similar to a proposal made by Mansouri in a different context [17] .
The de Sitter scenario for a variable Λ
As we have seen, what is conserved in de Sitter special relativity is a combination of energymomentum and proper conformal currents. Considering that neither of these currents is individually conserved, energy-momentum can be transformed into proper conformal current, and vice-versa. Since the proper conformal current appears as the source of Λ, this means that ordinary matter can be transformed into dark energy, and vice versa. This mechanism provides a natural scenario for an evolving Λ. When applied to the universe as a whole, it predicts the existence of a pervading cosmological term whose value, at each time, is determined by the matter content of the universe.
Let us begin by considering a universe with an infinite cosmological term. Such universe is obtained in the limit l → 0, b under which spacetime becomes a flat, singular cone-spacetime, b We remark that, in order to consider the limit l → 0, a different parametrization of the generators must be used. In fact, instead of the parametrization (8) , which is appropriate to study the limit l → ∞, it would be necessary to useΠρ ≡ lLρ4 [7] .
transitive under proper conformal transformations [7] . Its kinematic group is the conformal Poincaré group, the semi-direct product between Lorentz and the proper conformal groups [18] . In this limit, physics becomes conformal invariant, and the proper conformal current turns out to be conserved (see section 2.4). Observe that, since this spacetime is transitive under proper conformal transformations only, the usual notions of space and time will not be present. As a consequence, the energy-momentum current cannot be defined, which means that the degrees of freedom of gravity are turned off. Only the degrees of freedom associated with the proper conformal transformations are active. c It is also interesting to observe that, under such extreme situation, the thermodynamic properties of the de Sitter horizon fit quite reasonably to what one would expect for an initial condition for the universe: it has an infinite temperature, vanishing entropy, and vanishing energy; the energy density, however, is infinite [20] .
It is important to remark that the limit l → 0 is purely formal in the sense that quantum effects preclude it to be fully performed. The outcome of this limit, that is, the cone spacetime, must be thought of as the frozen geometrical structure behind the quantum spacetime fluctuations taking place at the Planck scale. A more realistic situation is to assume that the de Sitter pseudo-radius l is of the order of the Planck length l P , in which case the cosmological term would have the value
Notice that, due to the fact that spacetime becomes locally a high-Λ de Sitter spacetime, it will naturally be endowed with a causal de Sitter horizon, and consequently with a holographic structure [21] . As the Λ term decays and the universe expands, the proper conformal current is gradually transformed into energy-momentum current, giving rise to a FRW universe. Concomitantly, spacetime becomes transitive under a combination of translations and proper conformal transformations. This means that our usual (translational) notion of space and time begin to emerge, though at this stage spacetime is still preponderantly transitive under proper conformal transformation.
As the proper conformal current is continuously transformed into energy-momentum current, the matter content of the universe turns out to be described by a sum of many different components. As a simple example, we consider here a one-component perfect fluid, whose energy-momentum tensor is of the form
with ε the energy density, and p the pressure. Substituting in Eq. (47), it yields the cosmological term Λ = 4πG c 4 (ε + 3p).
Observe that, even though Λ can decay to small values, it cannot vanish. d This means that, similar to the limit l → 0, the limit l → ∞ cannot be accomplished either because it would lead to an empty universe represented by Minkowski spacetime. At the present time, the matter content of the universe can be accurately described by dust, which is characterized by p = 0. In this case, expression (51) yields
Using the current value for the energy density of the universe, we get
which is consistent with recent observations [2] . For such value of Λ, spacetime becomes preponderantly transitive under ordinary spacetime translations. Now, as is well known, in order to allow the formation of the cosmological structures we observe today, the universe must necessarily have passed through a period of non-accelerating expansion, which means that the cosmological term must have decayed to a tiny value during some cosmological period in the past. The currently observed value (53), however, indicate that the universe is presently entering an accelerated expansion era. Even though the reason why the universe is entering this accelerated expansion is an open question, the de Sitter special relativity leaves room for some speculations. For example, although the total energy E = E T − (1/4l 2 )E K is conserved, the translational energy E T alone is not, in the sense that it can flow to E K , and vice versa. As discussed above, at the initial instant of the universe, characterized by the huge cosmological term (49), most of the energy was in the form of conformal energy E K , and E T was very small. As the Λ term decays and the universe expands, E K flows to E T , and the entropy experience a continuous increase. This process can proceed until most of the energy is in the form of translational energy, and the cosmological term acquires a very small value.
Then comes the point: the existence of the conformal degrees of freedom allows the inverse process to occur without violating the energy conservation. In this process, E T flows back to E K , entropy begins decreasing, and the value of Λ would concomitantly grow up. In fact, considering that the entropy S associated with the de Sitter horizon is given by [22] 
with k B the Boltzmann constant and A h = 4πl 2 the area of the horizon, a decrease in the entropy would imply a decrease in the de Sitter pseudo-radius l, and consequently an increase in the value of Λ = 3/l 2 . e A possible source for this mechanism could be a loss of information occurring in black holes, which could result in a decrease of the universe entropy [23] . We reinforce that this mechanism turns out to possible just becausethere are two notions of energy, which can be transformed into each other. Of course, the details of these qualitative speculations have yet to be worked out, but they aren anyway useful for getting new insights on the physics underlying the de Sitter special relativity. An interesting example of such new insight refers to the fact that an accelerated expansion does not mean necessarily that the universe is breaking apart, but rather that it is moving back towards its initial state, characterized by an infinite cosmological term. As we have already discussed, such state is represented by a flat, singular cone-spacetime, transitive under proper conformal transformations, in which all energy is in the form of proper conformal current (or equivalently, in the form of dark energy). According to the de Sitter relativity, therefore, in order to return to its initial state, the universe expansion does not need to stop, and then contracts back. Instead, it is through an accelerated expansion that the universe will be lead back to its initial state. We notice in passing that this picture points to a cyclic view of the universe, with the timelike future singular, conformal spacetime being identified with the initial state of the next era.
e Notice that, in this context, the Boltzmann constant represents the entropy of a de Sitter spacetime with l = lP . It can be considered, in this sense, a quantum of entropy [1] .
Final remarks
Cosmological observations and quantum gravity arguments seem to indicate the necessity of an invariant length-parameter at their respective scales. A simple and consistent way to introduce such parameter on both scales is arguably to replace ordinary special relativity by de Sitter special relativity. In fact, since the dispersion relation of this theory is invariant under change of scale of mass, energy and momentum, it can be applied at any scale, from quantum gravity to cosmology. The spatial isotropy and the relation between inertia-free frames in de Sitter relativity are still governed by the Lorentz group. Spacetime translations, however, are replaced by a combination of translations and proper conformal transformations. As a consequence, the notions of energy and momentum change, producing concomitant changes in the source of curvature, which turns out to be a combination of energy-momentum and proper conformal currents. Considering that a change in the local spacetime kinematics does not change general relativity, the energy-momentum tensor keeps its role of dynamic source of gravitation. The proper conformal current of ordinary matter, on the other hand, shows up as the kinematic source of the cosmological term Λ. The de Sitter special relativity, therefore, allows a new interpretation for the dark energy as an entity which is encoded in the structure of the kinematic group of spacetime, rather than produced by some exotic dynamical entity satisfying unphysical equations of state.
A crucial property of de Sitter special relativity is that, since neither energy-momentum nor proper conformal currents is individually conserved, energy-momentum can be transformed into proper conformal current, and vice-versa. Such mechanism yields a natural scenario for an evolving cosmological term. In fact, from a huge primordial Λ, in which most of the universe energy was in the form of dark energy, the cosmological term is then found to evolve according to the matter content of the universe, as given by the relation (47). After a decaying process, in order to allow the formation of the cosmological structures we see today, the universe has necessarily passed through a period of non-accelerating expansion, which means that the cosmological term must have assumed a tiny value during this period. Recent observations, however, indicate that the universe is presently entering an accelerated expansion era. This means that the energy-momentum current is transforming back into proper conformal current, which produces an increase in the value of the cosmological term. This mechanism is possible because, according to the de Sitter special relativity, an increasing Λ makes the usual notions of time and space gradually fade away, until they completely disappear at the Planck scale, where only their conformal counterparts exist. Now, as a consequence of the accelerated expansion, it is frequently argued that the universe would be driven either to a bleak future, a state that could be called cosmic loneliness, or even to a complete disintegration. However, as far as an increasing Λ implies that matter and/or radiation is transforming into dark energy, such accelerated expansion means actually that the universe is moving back towards its initial state, characterized by an infinite cosmological term, in which all energy is in the form of dark energy. This picture points to a cyclic view for the universe, with the timelike future-represented here by the singular cone spacetime-identified with the initial state of the next era. According to this view, the universe would oscillate between a singular, conformally-transitive cone spacetime, characterized by in infinite cosmological term, and the translationally-transitive Minkowski spacetime, characterized by a vanishing cosmological term. These two extreme spacetimes are related by the inverse transformation
which is well known to lead the translation generatorsP α into the proper conformal generatorŝ K α , and vice versa [14] . In particular, due to the conformal invariance of the cone spacetime, which represents the singular border between two consecutive eras, this picture complies in many aspects with the conformal cyclic cosmology proposed by Penrose [24] .
